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Main theorem

Theorem 1: For g = 2x10%, there exists a one-way one-round
quantum algorithm that g-colors directed cycles whp.
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with probability 1 — 1/poly(n)




Quantum algorithm

One-way one-round quantum g-coloring algorithm:

* Each node prepares a maximally %ntangled bipartite state
(N can be

1
W) = _Z|i>A|i>B arbitraril
y large)
VN i=1

A By A; B Az Bs



Quantum algorithm

One-way one-round quantum g-coloring algorithm:

* Each node prepares a maximally %ntangled bipartite state
(N can be

1
V) = —Zli>AIi>B arbitraril
y large)
VN i=1

* Send register B to its successor

* Apply g-outcome measurement {P;}_, onits (B, A)




From projection to POVM

Given a quantum state p € C%*¢

Measure by a basis basis {|m;)}% , Pr[output i] = (m;|p|m;)
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From projection to POVM

Given a quantum state p € C%*¢

Measure by a basis basis {|m;)}% , Pr[output i] = (m;|p|m;)
Rewrite as projectors d P; = |m;){(m;|
_md
Projective measurement q _@,i=1 U .
where P; projects onto W; Pr[output i] = Tr(P;p)
qa p _
POVM q =15 = la,

where P; are PSDs.

Naimark's dilation theorem: Any POVM can be realized as projective measurement with
extra ancilla states.

ay

This will change the quantum state used in our algorithm.



Quantum algorithm

One-way one-round quantum g-coloring algorithm:

* Each node prepares a maximally gntangled bipartite state
(N can be

1
V) = —Zli>AIi>B arbitraril
y large)
VN i=1

* Send register B to its successor
* Apply g-outcome POVM {P;}_ onits (B, A)




Computing collision probability

NN N
W Pric, = ¢; = a] = Tr{(F, ® P) (DR 0]
Y § = — Tr[Try(P,) " Trp(Py) ]

Definition: Given a PSD operator P € L(CY ® CV), define its energy as
E(P) :== Tr[Tr4(P) "Trgz(P)].

Better coloring

1
Prlc, = c3] = FZ E(P,) wmp Smalltotalenergy = algorithm



Why called energy: Projector P arXiv 2609.09091

e; Q e; © E; ; (vectorization)

Since P acts on CY ® CY = CV*N when it is an orthogonal projector, it projects
onto a matrix space W € CV*V.

W = Span{Ml; Mz, )Mdlm(W)}
Then

E(P) = ZHMRMf”%' Multiplicative el’ﬂ’ergy
— of space W

It draws analogy with “additive energy of a set” in additive combinatorics.

| think we settled on "energy" due to the

vaguely quadratic nature of the expression,
and also because it was monotone.

Terence Tao



Why called energy: Projector P arXiv 2609.09091

e; Q e; © E; ; (vectorization)

Since P acts on CY ® CN = CV*N when it is an orthogonal projector, it projects
onto a matrix space W € CV*V.

W = Span{Ml; Mz, erlm(W)}
Then

£(P) = Z”MkM{’”zZ:- Multiplicative el,w’ergy
= of space W

Classical setting: W is spanned by some matrix units E ,,

||Ex’yEW,Z||F =1, e-— — y — zforms adirected 2-walk

Thus energy counts 2-walks in a directed graph.



Why called energy: General PSD P arxiv260e.00001

Since P actson CY ® CV = CN*VN  write its spectral decomposition

P = z:vec(Mk)foC(l‘/Ik)Jr vec([))(j]) = i) ® 1))

Kk CNXN CN ® (CN
Then the same formula works

E(P) = Z”MRM{)”]%- “Energy of operator P”
k!

Fact: Forany PSD P and any such {M, }, we have
E(P) = Tr[Try(P) " Trp(P)] = Xy oM Myl 7.




Finding POVMs with small energy

The problem reduces to:

Fix an integer q. Forany € > 0, can we find a dimension N
and POVM {P, } ¢4 acting on C¥ @ C" such that

1
= gzﬁg(Pa) <€?

Pric; = ¢;44]

* Noforg < 4[GL26] * Yes for g = 2x10* (This work)



Technical roadmap

N =

Characterize zero-energy operators

Recall the infinite-dimensional construction
Realize it with finite-dimensional zero-energy PSDs
Normalize them into a POVM



Zero energy: projector P

If P € L(CY ® CY) is an orthogonal projector, let associated matrix space be
W = span{Ml,Mz, ---:Mdim(W)} - (CNXN. projector

ontoV
1 vectorize t
E(P) =0/ ¢mmp W c L(V+-, VD) P <Tl T
} forsomeV @ V+ =" =Py,
E(P) = ZHMkM{’”IZ: =0 L(V*, V) : Linear operators of V- -V
K,
! o=
MM, = 0 Vk,? 0 01\«
! [0 0 [o R] _
XY=0VX,YeEeW o ollo ol



Zero energy: projector P

If P € L(CY @ CV) is an orthogonal projector, let associated matrix space be

E(P)=0

W = span{My, My, ..., Mgimeu} S CV*V.

W c L(Vi, )

forsomeV @ V+ =V —

Lemma A: For general PSD P, we similarly have

EP)=0

| 4

P is supported on Tl Q@ I,

projector
ontoV

1

PSHV@H;L

i.e., P = (My ® M,.)P'(My ® I1),1) for some P’




Recall the infinite construction

Define colors: an infinite group generated by s = 10% involutions

* Sets = 10* and define a group: /
G=(12,..,sli*=eV1<i<s).
« Setq = 2scolors{—1,-2,...,—s,+1,+2, ..., +s}.

Complex group algebra of G XG
consisting of

finite sumV = z agnlg, h]
g,h

Associate each colorwith an elementin C[GX(G|:

* Foreach colora = *i, define “projector”

K, = [e];_r[i] ? [e]jm € C[GXG].

* The hard part: | heorem 0: For any § > 0, we can construct a self-adjoint

W € C[GXG] such that
Ya KoW?K, =5 [e, e].




Finite-dimensional realization
Goal Method

Choose some unitary representation of G

For each colora = +i
g - U, e VN,

Infinite world

(C[GXG] KaWZKa i V = Zg,h ag,h[g' h’]
Finite world | / T
P ! V' = a U U
L(CN ® CV) ’ , 2gn %gn(Ug © Un)
st. 1) P, =0 :
2) g(Pa) — i



Finite-dimensional realization
Goal Method

Choose some unitary representation of G

For each colora = +i
g - U, e VN,

Infinite world

C[GXG] K,W?K, g V= XgnQgnlg Al
Finite world A2 | V=Y _,a,,(U;, & UT)
L(C ® V) P, =KW " K, i — &g,h%g,h\Mg h

st. 1) P,=0

I ) <=0

3) Y P, =1 Y. K,W?K, =~ [e, e] & special property of U,




(2) 8(Pa) — O G=(12..5s|li’?=eV1<i<s)

Recall that
v - le] + [i] _ [e] —[i] Lemma A: For PSD P, we have
L=

i
> 03¢ 5 € C[GXG] E(P) = 0iff P is supported on

[9.h] = U, @ Uy
U; is some unitary with U7 = I

/

I+ U (I=UpN'
_ ®(

K, 5 5 ) e L(CN ® C€Y) ) KC’1=HV®H;¢
T !
Orthogonal projector onto Complement

the +1 eigenspace of U;  orthogonal projector

1% 1%

P, = KC’lW’ZKc’l has zero energy



Y, KWK, ~ [e,e] wmp (3)), P, =1

More precisely: forany § > 0, we
can construct W such that [g,h] > U, @ U

z KWK, — [eell| <6 — m——)
a

2

ZPa—INz

a

< 0(5)

?

What is the right norm?

] 2
ForV := Zg,h ch,h[g, h], define ”Vllz = \/Zg,h|ag,h|




2 o N/
Yu KW K, = [e,e] mmp (3)).,P, =
More precisely: forany § > 0, we
can construct W such that [g,h] » U, ® Uh
z K,W?K, —[e,e]ll <6 2|l < 0(6)
a 2

Ile,elll; =1 N”INZHF =1

To preserve 2-norm, it suffices to preserve orthogonality:
1
Forany g # h € G, [g] L [h] ) (U, U),) = —Tr(UTUh) =1,y

Impossible in finite dimension

5 since G is infinite
ForV := Zg,h ch,h[g, h], define ”Vllz = \/Zg,h|ag,h|




2 o N/
Yu KW K, = [e,e] mmp (3)).,P, =
More precisely: forany § > 0, we
can construct W such that [g,h] » U, ® Uh
z K,W?K, —[e,e]ll <6 2|l < 0(6)
a 2
Ile,elll, =1 N”INZHF =1
To preserve 2-norm, it suffices to preserve orthogonality:
1
Forany g # h € G, [g] L [h] ) (U,U,) = —Tr(UTUh) - 14
as N — oo

) 2
ForV := Zg,h ch,h[g, h], define ”Vllz = \/Zg,h|ag,h|




Constructing Ug G=(12..5sli’?=eV1<i<s)

Lemma B: There exist a sequence of unitary representations
(N) NXN
geG->U; " €C
such that

<Ug(N); U}(IN)> — 1g:h as N — oo.

Proof: Consider N = 2d wlog.
1. Sample Haar random orthogonal matrices 04, ..., 05, € 0(d).

!
g 001'].~Ui2 = ], so jtis a unitary rep.
[

2
3. High-dimensional random matrices become orthogonal.
4. By probabilistic method, such deterministic sequence exists.

Almost surely

Foreach generator i, Let U; = [



Finite-dimensional theorem

Theorem 2: Set g = 2x10*. For any € > 0, there exist dimension N
and q zero-energy PSD P,, ..., P, € L((CN ® CN) such that

Za N2

Proof: Given e > 0,

1. ConstructW € C[GXG]suchthat), K,W?K, ~¢/2 € e].

2. Choose large enough N, replace [g, h| with Ué ) X U,SN)T (Lemma B) to get
P, = K,W'’K,,

such that
Zapa e IN2°




Final piece: turn P, into POVMs

Lemma C:

IV normalizé s pr— ;with

with zero energy I O(eN3) energy

Proof: Define {P,} as pretty good measurement of {P, }:
P, =VStP,VSt + énkerS where S =),P,.

* WhenS =1, we have P, = P,.
* When $ =, I, we only perturb energy by a small amount.




Putting things together

Theorem 2: Set g = 2x10*. For any € > 0, there exist dimension N and g zero-
energy PSD Py, ..., P, € L(CY @ C") such that

Ya Py =e 2.

l Normalize by Lemma C

Theorem 2’: Set g = 2x10*. For any € > 0, there exist dimension N and g PSD
Py, ..., P; € L(CY ® CV) such that

1
YaP, =12 and ang(Pa) < €.

l Use {P,}qe(q) @s the measurement

Theorem 1: For g = 2x10%, there exists a one-way one-round quantum
algorithm that g-colors directed cycles whp.
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  G


   ∑ a   K a  W 2  K a ≈ [ e , e ]


   ∑ a   P a ≈ I


  𝛿 > 0


  W


     ‖   ∑ a   K a  W 2  K a −  [  e , e ] ‖ 2 ≤ 𝛿


     1 N  ‖   ∑ a   P a −  I   N 2 ‖ F ≤ O ( 𝛿 )


   [  g , h ] →  U g ⊗  U h ⊤


     ‖   [  e , e ] ‖ 2 = 1


     1 N  ‖   I   N 2 ‖ F = 1


  g ≠ h ∈ G


   [ g ] ⊥  [ h ]


   ⟨   U g ,  U h ⟩ ≔  1 N Tr  (   U g †  U h ) →  1  g = h  


  N → ∞


  V ≔    ∑  g , h   𝛼  g , h  [  g , h ]


     ‖ V ‖ 2 ≔    ∑  g , h     |   𝛼  g , h | 2


   U g


  g ∈ G →  U g  ( N ) ∈  ℂ  N × N


   ⟨   U g  ( N ) ,  U h  ( N ) ⟩ →  1  g = h


  N → ∞


  N = 2 d


   O 1 , … ,  O s ∈ O ( d )


  i


   U i ≔  [     0   O i ⊤    O i  0 ]


   U i 2 = I


  G =  ⟨  1 , 2 , … , s |   i 2 = e   ∀ 1 ≤ i ≤ s ⟩


  q = 2 ×   10 4


  𝜖 > 0


  N


  q


   P 1 , … ,  P q ∈ L (  ℂ N ⊗  ℂ N )


   ∑ a   P a  ≈ 𝜖  I   N 2


  𝜖 > 0


  W ∈ ℂ [ G × G ]


   ∑ a   K a  W 2  K a  ≈  𝜖 / 2 [ e , e ]


  N


  [ g , h ]


   U g  ( N ) ⊗  U h   ( N ) ⊤


   P a ≔  K a ′    W ′ 2  K a ′


   ∑ a   P a  ≈ 𝜖  I   N 2


   P a


   ∑ a   P a  ≈ 𝜖  I   N 2


   ∑ a   P a ′ =  I   N 2


  O ( 𝜖  N 3 )


    { P a ′ }


    { P a }


   P a ′ =    S +  P a    S + +  1 q  Π    ker ⁡ S


  S =  ∑ a   P a


  S = I


   P a =  P a ′


  S  ≈ 𝜖 I


  q = 2 ×   10 4


  𝜖 > 0


  N


  q


   P 1 , … ,  P q ∈ L (  ℂ N ⊗  ℂ N )


   ∑ a   P a  ≈ 𝜖  I   N 2


  q = 2 ×   10 4


  𝜖 > 0


  N


  q


   P 1 , … ,  P q ∈ L (  ℂ N ⊗  ℂ N )


   ∑ a   P a =  I   N 2


   1   N 3  ∑ a    ℰ ( P a ) ≤ 𝜖


     {   P a }  a ∈ [ q ]


  q = 2 ×   10 4


  q

