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The Main Theorem

Theorem. For every ¢ > 0, there is a 1-round one-
way quantum-LOCAL algorithm that colors directed cy-
cles with 2 - 10* colors so that

PI’[C,' = C,'+1] <e¢

foreach i € [n].

Henceforth g =2 - 10* and s = 10"
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The Algorithm
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The state is simply the maximally entangled state ﬁ Z,I'V:1 |if)

The challenge is to construct the measurement
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The Infinite Construction The Finite Construction

1. structure preserving map
. ) from infinite to
2. existence through fixpoint L(CN & CV)

1. operator formulation

3. vectorize 2. get zero-energy PSD that

4. Taylor approximation almostsumto 1

3. renormalize with little
energy increase
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This Talk: The Infinite Construction

More intuition about the infinite setup (groups?)

Where does the quantum advantage come from?

Some convergence claims

Do not hesitate to interrupt and ask questions!
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Recap on 1-dependent colorings of the cycle

G

C1 o C1 (&)}
~O0—O—0O—0—0~

(FD1) always a proper coloring p(aa) =0

(FD2) non-adjacent blocks are independent p(u?v) = p(u)p(v)
Holroyd and Liggett proved that 1-dependent 4-colorings exist
We construct a “nice” 1-dependent g-coloring with g = 2 - 10%.
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An Operator Formulation

We want some Hilbert space H and operators
Tl,Tz,...,Tq :H—H

and some “empty” state |e) € H.
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An Operator Formulation
We want some Hilbert space H and operators
T, T,..., Tg:H—H
and some “empty” state |e) € H.

p(a) = <e‘Ta|e>
P(alaz s 3k) = <3‘Tal “Tay o Tay Tak\e)

(T1) T2 =0foralla € [q].
(T2) >, T, =|e)(e|.
(T3) p(a1az...ax) > 0forall finite words
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Structure Behind 72 =0

Claim.
T2=0

iff
3P,, Q, orthogonal projectionsst. T, = P,T,Q,and P,Q, =0

Quantum Advantage comes from non-commutative projections

{Payaclql} and {Qsacql}.
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What goes wrong classically?

Classical Setup. Each v;
1. samples X; ~ p,
2. sends X; to v,
3. outputs f(X;_1, X;) € [q]
where f is some (u ® p)-measurable function.

Operators are over the Hilbert space H = L?(p) and defined as
(Tah)(x) = Ey~p [1[f(x, Y) = a]A(Y)]

The projections P,, Q, that you get are commuting.
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What goes wrong classically? The P, and @, commute

Because they commute, can
partition H into

W & W,

such that P; actsas / on W; and
as 0 on W,.

W, 3

Intuition. Some subspace W; must have a big probability mass.
Then one can contradict (T2).

10/28



What goes wrong classically? The P, and @, commute

Because they commute, can
0 0 0 0 P partition H into

WieW,d...o Wa

such that each P, actsas O or /
on each W;.

Wi W, Wae

Intuition. Some subspace W; must have a big probability mass.
Then one can contradict (T2).

10/28



What goes wrong classically? The P, and @, commute

Because they commute, can
0 0 0 0 P partition H into

IIII W WiaeW,d...0 Wy
I

. such that each P,, Q, actsas 0
0 or / on each W..

0 Wia

Q@

Intuition. Some subspace W; must have a big probability mass.
Then one can contradict (T2).

10/28



What goes wrong classically? The P, and @, commute

Because they commute, can
0 0 0 0 P partition H into

IIII W WiaeW,d...0 Wy

0

) ! such that each P,, Q, acts as 0
0 or / on each W..
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Where do we get non-commutativity?

Consider the group G = (uy, ua, ..., us | u? = e)
(recallg =2-10*and s = q/2)
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Where do we get non-commutativity?

Consider the group G = (1,2,...,s| > =e)
(recallg =2-10*and s = q/2)

14123

g=123, h=342, gh=1242
We write |g| = 3, |h| = 3 and |gh| = 4.

g '=321 ggl=e

e the group operation is concatenation
® non-abelian group
® each generator is its own inverse
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The Hilbert Space

HEZ(G){f:G—MC:Zf(g)z<oo}

geai

Foreach g € G let
lg) :he G—1[g = h].
The {|g),g € G} formabasis and for / € [s] a generator let

Lilk) =iy and Ri|h) = |hi) .
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Defining Projections

For each generator i € [s] of G we have
® apositive color +/and
® anegative color —/.
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For each generator i € [s] of G we have
® apositive color +/and
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Fori € [s] let

1
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Defining Projections

For each generator i € [s] of G we have
® apositive color +/and
® anegative color —/.

We force Q, = P_, so we can forget about the Q..

Fori € [s] let

1

Pi= U+ L)(I+R) and P_;— L) -

4

We have !

PP ;=
* 16

(1 - 12)(I - R?) =0.

R).
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Enforcing T1: T2 =0

Goal. Find some nice operator Vand let 7, = P,VP_,.
Proof of TI. T2 = P,VP_,P,VP_, =0
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Obtaining T2: > . T, = |e) (e

This is how we get 1-dependence.

p(a?b) Z p(acb)
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Obtaining T2: >, T, = |e)(e]

This is how we get 1-dependence.

p(a?b) Zp (ach) Z e|TaTcThle)
= (e| T, <Z TC> Tople)
C

= (e[| Tale)(e| To|e) = p(a)p(b) -

Now we are searching for an operator V such that
= P.VP_, = |e){e|
a

This is one linear equation to solve
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Getting T2

We are searching for an operator V such that

S(V)=> P.VP_,=le)(e|
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Getting T2

We are searching for an operator V such that
S(V)=> P.VP_,=le)(e|
a

We compute Vy, = 0 and
Va1 = Va+ (2/s)(le)(e] = 5(Va)) -

Take the limit V = lim, V,,and set T, = P,VP_,.

Contraction Lemma. For all X, we have that

IX = @/s)S(X)F < AIX[[F for A=3/4+0(s"?) <1
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Proving Contraction

Think of S as a matrix with rows and cols indexed by G x G.

Frobenius norm = Euclidean norm when X is seen as a vector

IXIE= > enl> where X =17, 4lg)h|
gh g,h
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Proving Contraction
Think of S as a matrix with rows and cols indexed by G x G.

l&){hl

] lig)inl

ligi) (hl

| &) (hl

lgi) hi
&) ihil
lig) (hil
|igi) {ihi]
|gi) (ih]

S(lg){hl) = (s/8)lg)hl
+(1/8) ) _ ligi)(hl + |g) (ihil + |igi) {ihi]

i€[s]

= (1/8) Y, 1gf) (hil + Lgi) bl + i) (hil + ) (|
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Proving Contraction
Think of S as a matrix with rows and cols indexed by G x G.

&) (hl

] lig)inl

|igi) (hl

| &) (hl

|ei) (hil
&) (ihi|
lig) (hil
|igi) {ii]
Igi) (il

3 4
S(X) = D(X) + (1/8) Y F(X) = (1/8) > Fi(X)
i=1 i=4

Idea. Split the contribution of the diagonal and ofF—diagonal terms:

1X = (2/5)5(X)llF < [IX — (2/5)D(X)|[ +7 ZIIF )IF

<@/9IXlle
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Off-Diagonal Terms

Fi(lg)(hl) = 2i.igizg g7} (]
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Off-Diagonal Terms

Fi(lg)(hl) = 2i.igizg g7} (]

Claim. [|F(X)lF < 2v/25]X]|r.
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Proving Contraction Lemma

Step 1. Split diagonal and off-diagonal contributions
3 7
S(X)=D(X) +(1/8) > F(X) = (1/8) Y F(X)
j=1 j=4
Step 2. Diagonal contributions are easy to bound

IX = (2/s)D(X)]IF < (3/4)[1 Xl

Step 3. Off-diagonal contributions: ||F;(X)||r < 2v/2s||X]|F.

Conclude.

X = (2/5)S(X )||F<(3/4)IIXIIF+fZIIF )lF

3 7
<2+ =X
< (3+ % )i
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Vectorization

We have an operator

Vo= > enlg)(hl € L(H)
g,heG

where H is an infinite dim Hilbert space and only finitely many ~,.» # 0.

Interpret the operator as a polynomial

Vo= YeXen € C[G x G]
g,heG

with infinitely many indeterminates X, , for g, h € G such that
Xg’th’,h/ = ng’,hh’

we want an operatorin L(C" @ C")
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Vectorization

We have an operator

Vo= venlg)(hl € L(H)

g,heG

where H is an infinite dim Hilbert space and only finitely many ~, » # 0.

Interpret the operator as a polynomial

Va= Y Yanlg: h] € C[G x €]

g,heG

with infinitely many indeterminates [g, h] for g, h € G such that
[, hllg’, h'] = [g&’, hh']

we want an operatorin L(C" @ C")
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T1/T2/T3in C[G x G]?

(T1) The projections P, become polynomials K,
(T2) The norm does not change

(T3) The multiplicative structure changed, so we need a different
guarantee

for X,Y e L(H), X Y =(XxY )
——

convolution
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T1/T2/T3in C[G x G]?

(T1) The projections P, become polynomials K,
(T2) The norm does not change

(T3) The multiplicative structure changed, so we need a different
guarantee

for X,Y e L(H), X Y =(XxY )
——

convolution

If v/ = WTW (wrt multiplication in C[G x G]) then the
“corresponding finite matrix” is always PSD

Can we find some W = W such that W? ~ V/? And use
K,W?3K,
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Taylor Approximation
(s/2)V! = | + R, where ||R,|| = O(s"'/?).

Use
VI+R,=1+R,/2—-R/8+R/16+ ...

Take X =/ + R,/2 — R?/8 + ... afinite truncation so that

2
Z K.W2K, ~1 where W = \ﬁx
S
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Taylor Convergence

For the Taylor series to converge, need a universal constant C st

[Rall <1/C and  [|A-B|| < C[|A]|B]
N——
mult. in C[G X G]

The Frobenius norm does not have this property

Forinstance: X = [e, €] + [12, e] + [1212,e] + ... + [(12)X, €].

k 2k
X2 =Y 102y el =) (i) i+j=0H[(12)", ¢]
=0

ij=0
Hence || X||%2 = k + 1 but
IXX||2 =1422+3%+...+(k+1)*+... = 0(k%).
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Changing the norm

Denote by X , the part of X supported on [g, h] with |g| = kand |h| = ¢

Xi,o = Z Ve.nlg; h]
lg|=k,|h|=¢

Then one can show'

[ Xk, Yp,qllw < 4 - 20FO/22T02 ) X0 1 £[1 Y gl ¢

The Weighted Norm

X = Z 2(k+£)/2||Xk,l
k,£>0

F

one can show || XY, < 4[| X|lwllYlw-

'Based on a similar result by Haagerup from 1978 about free groups
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Contraction Lemma Still Works with worse constants

Contraction Lemma. For all X, we have that

IX = 2/)S(X)lw < AIX [ for A=3/4+0(s™/2) < 1

Because

S(lg)(hl) = (s/8)lg){h|

+(1/8) ) ligi)(h| + |g) (ihi| + |igi) ihi]
i€[s]

—(1/8) Y |gi){hil + |gi){in| + |ig) (ki + |ig){ih]
i€[s]

is supported on words of length |g| + |h| £ O(1).
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Concluding with Taylor

Let C, = (s/2)V,, — [e, e].
Need to argue that || G,||, < 1/4 to get convergence.

Using Contraction Lemma,
ICostllw < Al Callw + [ITe, e] — (2/5)S([e, e])llw
< M| Callw + O(s71/?)
<O(s)> N<1/4

J

for s a large enough constant.
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Summary
Theorem. For all 6 > 0, there is a self-adjoint W € C[G x G]st.

<9

ZKaWZKa—I
a F

Proof Sketch.
1 Get)  P,Vh,P_,~ |e) e
2. Vectorize from operators to group algebra
3. Get W such that W? =~ V,, using Taylor approximation

Remarks
® The P, and K, projections ensure the coloring is proper
e Using W? ensures positivity
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Next Week: Longcheng's Talk!

The Finite Construction o
Why does this give quantum

1. structure preserving measurements?

map from infinite to

L(C" e CN) The distance to / is bounded
2. get zero-energy PSD only in normalized Frobenius

that almost sum to 1 norm, how do we normalize
3. renormalize with little that?

energy increase

Longcheng is a true quantum person, he will give a
quantum information perspective on this!

28/28



